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Abstract
The notion of position operator for massless spinning particles is
discussed in some detail. The noncommutativity of coordinates is
related to the gauge symmetry following from the freedom in definition
of standard state in Wigner’s construction of induced representations
of Poincare group. The counterpart of Newton-Wigner operator is
discussed. It is explained why the Newton-Wigner construction works
only for helicity | λ |≤ 1/2.
I Introduction
Particle localizability is a well defined notion in nonrelativistic quantum me-
chanics. However, it lacks the precise meaning in relativistic (quantum)
regime. The crucial property of relativistic quantum theory is the absence
of nontrivial interactions admitting particle number conservation. This has
to be carefully taken into account when particle localization procedures are
analyzed[1]. The main restriction comes from the fact we are dealing with
a single particle while the one-particle relativistic quantum theory is only
an approximation valid, for example, for weak and slowly varying external
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fields. However, once the validity of such approximation is assumed one can
construct a number of candidates for particle position operator.
The most reasonable proposal has been given by Newton and Wigner in
their seminal work [2], anticipated to some extent by Price [3]. The localiz-
ability problem has been further discussed in a number of papers [4]÷[10],
to mention only a few.
One can argue that any reasonable position operator should have the
following properties:
(i) one would like to retain the interpetation of momentum operator ~ˆP as
generator of translations in space; as a result the following commuta-
tion rule is assumed
[Xˆi, Pˆ k] = iδ
k
i ;
(ii) the coordinate operator Xˆi should transform as a threevector under
rotations;
(iii) the existence of coordinate representation is assumed which implies the
commutation rules
[Xˆi, Xˆk] = 0
It was realized some time ago that one can hardly expect all the above con-
ditions to be fulfilled in the case of spinning massless particles. In fact,
already Newton and Wigner noticed that their construction fails to work
in the limit of vanishing mass, except for helicities λ = 0 and | λ |= 1/2
( in the latter case both helicities must be included). A simple explana-
tion of this fact is essentially contained in a very nice paper by Skagerstam
[11]. Basically, the reason that Newton-Wigner algorithm does not work for
| λ |> 1/2 is that, given the position operator obeying (i) ÷ (iii), one can
construct SU(2) spin variables which is, in turn, only possible if all helicities
− | λ |,− | λ | +1, ..., | λ | −1, | λ | are included. This Mukunda-Skagerstam
argument is explained in some detail in Sec. II. In Sec. III we sketch the
construction of representations of Poincare group for massless particles from
the point of view of gauge symmetry following from the freedom in the choice
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of standard state used in Wigner’s construction of induced representations.
Such an approach provides a convenient framework for discussing the prob-
lem of noncommutativity of coordinates. Sec. IV is devoted to the discussion
of Newton-Wigner coordinate for parity conserving helicity 1/2 massless the-
ory. We show that in this special case the coordinate operator can be iden-
tified with covariant ( with respect to the gauge symmetry mentioned above
) derivative which describes trivial connection. This is a consequence of
dealing with reducible representation of Poincare group encompassing both
helicities. The nontrivial connections corresponding to both helicities are
obtained from the trivial one by abelian projection. In Sec. V photons as an
example of | λ |= 1 are considered. Again the covariant derivatives for both
helicities are obtained by abelian projection from SU(2) connection which,
in contrast to | λ |= 1/2 case, is also nontrivial; its nontriviality is related
to the transverality condition, i.e. lacking of λ = 0 helicity component (
in accordance with Mukunda-Skagerstam argument ). The nontriviality of
the connection results in breaking (iii) for photon coordinate operator. Sec.
VI is devoted to some conclusions. In Appendix we discuss the source of
nonminimal (from the point of view of gauge symmetry) terms in Poincare
generators. We sketch also the construction of position operators which obey
(i) and (iii) but transform nonlinearly under rotations.
II Localizability of massless particles
Consider a free particle described by an irreducible representation of Poincare
group. The group generators Pµ ( fourmomentum ), ~J (angular momentum )
and ~K (boosts ) are represented by observables acting in the space of states
and obeying the algebra
[Ji, Jk] = iεiklJl, [Ji, Pk] = iεiklPl,
[Ji, Kk] = iεiklKl, [Ki, Pk] = iδikP0,
[Ki, Kk] = −iεiklJl, [Ki, P0] = iPi
(1)
with the remaining commutators vanishing.
Assume one can construct the observable ~X representing the particle posi-
tion. The basic conditions (i) ÷ (iii) from Introduction imply the following
commutation rules:
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[Xi, P
k] = iδki
[Ji, Xk] = iεiklXl
[Xi, Xk] = 0
(2)
Let us define the orbital angular momentum operator
Li ≡ εijkXjP k (3)
together with the spin operator
Si ≡ Ji − Li (4)
Eqs. (1)÷ (4) imply
[Si, Sk] = iεiklSl
[Si, Pk] = 0
(5)
Therefore, our space of states carries some representation of sU(2) algebra
spanned by the spin operators Si.
Consider now the case of massless particles. The relevant representations
of Poincare group are uniquely determined by the choice of (half)integer
helicity λ defined by
λ ≡
~P
| ~P | ·
~J = ~S ·
~P
| ~P | (6)
Due to the second eq.(5) one can diagonalize ~S · ~P
|~P |
within any subspace
carrying irreducible representation of spin algebra. Therefore, the spectrum
of ~S · ~P contains, together with λ, all values −|λ|,−|λ|+ 1, ..., |λ| − 1, |λ|.
This is, however, in contradiction with the operator relation (6). This nice
argument has been given by Skagerstam [11] who ascribed it to N. Mukunda.
It is now quite easy to understand why Newton-Wigner scheme works
in the massless case only for |λ| = 0, 1/2. The spinless case is trivial. For
|λ| = 1/2, the values λ = ±1/2 cover the whole spectrum of ~S · ~P
|~P |
. Therefore,
there is no contradiction provided we consider the reducible representation
including both helicities which is the case for Dirac equation considered in [2].
For |λ| > 1/2 one would be forced to consider the irreducible representations
of Poincare group describing particles of different absolute values of helicities.
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III Massless representations from gauge prin-
ciple
The construction of irreducible representations of Poincare group was de-
scribed in the seminal paper of Wigner [12] and repeated in numerous ar-
ticles and books. It is technically slightly involved; in the case of massless
particles additional difficulty comes from the fact that the relevant orbit in
momentum space is topologically nontrivial.
One can look at the problem of massless representations from slightly
different point of view. We start with the simplest representation carried by
the complex valued functions f(~p) equipped with a scalar product
(f, g) ≡
∫
d3~p
p0
f(~p)g(~p), p0 = |~p| (7)
The Poincare group acts by f(~p) → f(Λ−1~p)eipa which yields irreducible
representation corresponding to vanishing mass and helicity. The group gen-
erators read
Pµ = pµ
Ji = iεijk
∂
∂pj
pk
Ki =
1
2
(
p0(i
∂
∂pi
− i
2
pi
(p0)2
) + (i
∂
∂pi
− i
2
pi
(p0)2
)p0
)
= ip0
∂
∂pi
(8)
Consider now the case of nonvanishing helicity, λ 6= 0. One selects some
standard fourvector k (typically, k = (k, 0, 0, k)) and standard boost L(p) ∈
SO(3, 1) obeying Lµν(p)k
ν = pµ.The basic vectors are defined by
|p〉 = U(L(p))|k〉 (9)
where |k〉 spans one dimensional holomorphic representation of stability sub-
group of k ( which is isomorphic to E(2)). The choice of the standard boost
is not unique. One can make replacement L(p)→ L(p)L0(p), where L0(p) is
any element of stability subgroup of k, L0(p)k = k. It is crucial to note that
L0 may depend on final momentum ~p. The corresponding modified basic
vector reads
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|p〉′ =U(L(p)L0(p))|k〉 = U(L(p))U(L0(p))|k〉 =
eiλϕ(p)U(L(p))|k〉 = eiλϕ(p)|p〉 (10)
which induces the gauge transformations for amplitudes f(~p) ≡ 〈~p|f〉:
f ′(~p) = e−iλϕ(~p)f(~p) (11)
This gauge transformation corresponds merely to the change of conventions
so it yields unitarily equivalent representation; in particular, the structure of
Lie algebra is invariant under the gauge transformations(11). This implies
that one has to replace the derivatives i ∂
∂pk
≡ i∂k entering the generators (8)
by their covariant counterparts [11]
iDk ≡ i∂k −Ak, (12)
where the gauge field Ak transforms as follows
A′k(p) = Ak(p) + λ∂kϕ(p) (13)
It remains to determine the gauge class of Ak(p). This problem can be
solved by taking a closer look at Wigner construction (for example, by com-
paring the action of stability subgroups corresponding to opposite standard
(three)momenta). As a result one concludes that the massless particles of
helicity λ are describes by line bundle over the sphere S2(|~p| = const) char-
acterized by the integer 2λ. Noting additionally that the Lie algebra com-
mutation rules should be explicitly covariant under rotations one finds that
Ak corresponds to the field strength of monopole with ”magnetic” charge λ
[11],[13], [14],[15] . However, this is not the end of the story. The ”minimal”
coupling i∂k → iDk yields generators still obeying ~P · ~J = 0. Therefore, the
definition of ~J must be supplied by nonminimal term producing the correct
relation (6). Finally one obtains
Ji = iεijkDjp
k + λ
pi
|~p|
Ki =
1
2
(
p0(iDi − i
2
pi
(p0)2
) + (iDi − i
2
pi
(p0)2
)p0
)
= ip0Di
(14)
6
One easily checks that the choice (14) yields correct commutation rules.
Coming back to the definition of coordinate operator Xi note that the
first equation (2) implies that Xi must contain i∂i. Therefore, demanding
that Xi does not depend on the choice of conventions ( the gauge choice
) we conclude that i∂i enters coordinates through covariant derivative iDi
[11].The natural choice is simply Xi = iDk Then the coordinates necessarily
do not commute. Taking into account that the potential ~A(~p) describes a
monopole of charge λ one immediately finds
[Xi, Xj] = −iλεijk p
k
(p0)3
(15)
Therefore, (iii) is not fulfilled. Let us note that the non-commutativity of the
position operator can be derived from the classical description of spinning
particles [16], [17].
On the other hand, one finds that Xi’s transform as the components of
threevector,
[Ji, Xj] = iεijkXk (16)
so (ii) holds. This is slightly surprising because one cannot find explicitly
rotationally invariant potentials describing the field of monopole. It is inter-
esting to consider this problem in some detail. The description of symmetries
in gauge theories demands some care [18]. In fact, a given transformation
is a symmetry if its ”unwanted” effect can be cancelled by a suitable com-
pensating gauge transformation. In our case the change of vector potential
under rotations is cancelled by U(1) gauge transformation (see Appendix
for some details). As a result the initial generators must be supplied by
additional pieces which generate the relevant compensating gauge transfor-
mations ( this is the origin of well known ”spin from isospin” phenomenon
[19]). In the case under consideration the second term on the right hand side
of the first eq. (14) may be viewed as a generator of compensating gauge
transformation.
Obviously, the choice Xi = iDi is not unique. If one insists on commuting
coordinates, Xi must be modified; then (ii) is no longer fulfilled. An example
of such modified coordinate is considered in Ref. [20]. The coordinate ob-
servables are there obtained by quantizing Darboux coordinates on coadjoint
orbit of Poincare group; obviously, they do commute. The price to pay is
that they transform nonlinearly under rotations which linearize on SO(2)
subgroup only. Some details are given in Appendix.
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IV Newton-Wigner coordinate
As we have seen in Sec.II the only case one can avoid the general conclusions
of Mukunda and Skagerstam ( apart from the trivial case of scalar particles
) is |λ| = 1/2 provided both helicities are taken into account. The dynamics
(or rather kinematics) of such particles is described by free massless Dirac
equation:
i
∂Ψ
∂t
= ~α~pΨ (17)
We work with the following representation of Dirac matrices:
~α =
(
~σ 0
0 −~σ
)
, β =
(
0 I
I 0
)
(18)
The general positive energy solution to eq. (17) reads
Ψ(x) =
1
(2π)3/2
∫
d3~p
[(
u+(p)
0
)
a+(p) +
(
0
u−(p)
)
a−(p
]
ei~p~x−ip
0t (19)
where u±(p) are spinors obeying
pkσku±(p) = ±p0u±(p)
u±(p)
+u±(p) = 1, u±(p)
+u∓(p) = 0
(20)
One possible choice is
u+(p) =
1√
2p0(p0 − p3)
(
p1 − ip2)
p0 − p3
)
u−(p) =
1√
2p0(p0 + p3)
(
−p1 + ip2)
p0 + p3
) (21)
The scalar product reads∫
d3~xΨ+(~x, t)Ψ˜(~x, t) =
∫
d3~p [a+(p)a˜+(p) + a−(p)a˜−(p)] (22)
8
It differs from (7) by a simple redefinition of amplitudes and makes i∂k
(and iDk) hermitean at the expense of slightly complicating Poincare trans-
formations rules.
The spaces of the amplitudes a±(p) carry helicity λ = ±12 representations.
The m = 0 limit of Newton-Wigner operator [2] , [3] reads
Xk = xk +
i
2
(
βαk
p0
+
(~p~α)αk − pk
(p0)2
− β(~p~α)p
k
(p0)3
)
(23)
with xk and p
k having standard meaning.
Acting on the wave function (19) one finds that Xk preserves the positivity
of energy, i.e. the result is of the same form (19) with new amplitudes a±(p)
given by (
a′+k(p)
a′−k(p)
)
=
[
i∂k + i
(
u++∂ku+ u
+
+∂ku−
u+−∂ku+ u
+
−∂ku−
)](
a+k(p)
a−k(p)
)
(24)
We see that the Newton-Wigner coordinate operator takes the form
Xk = iDk ≡ i∂k −Ak (25)
Ak ≡ (−i)
(
u++∂ku+ u
+
+∂ku−
u+−∂ku+ u
+
−∂ku−
)
(26)
and can be viewed as U(2) covariant derivative.
The non diagonal elements are nonvanishing so, as expected, both helici-
ties are needed to define Newtom-Wigner coordinate. The diagonal elements
are the monopole vector potentials describing monopoles of charges ±1/2 .
They represent the potentials corresponding to the Dirac strings extending
along positive and negative third semiaxis, respectively. One can convert
Ak into sU(2) element by extracting the trace which is a pure gauge except
singularity along third axis. Then the diagonal elements of modified Ak de-
scribe monopoles in the gauge involving two strings along both positive and
negative semiaxis, each carrying half of the total flux. However, for simplic-
ity we will be dealing with U(2) connection given by (26).
The Newton-Wigner coordinates commute which implies that Ak should be
a pure gauge. Indeed, it is immediately seen that
Ak = −iU+∂kU (27)
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with
U =
(
(u+)1 (u−)1
(u+)2 (u+)2
)
(28)
Let us note that the nontrivial monopole connections describing irre-
ducible representations of definite parity result from abelian connection (27)
[21]; this is a counterpart of ’tHooft mechanism [22].
The gauge potential transforms according to the rule A′k = VAkV + −
iV ∂kV
+. Choosing V = U+ we find A′k = 0. Therefore, in the new basis
the coordinate operator Xˆk equals simply i∂k − i2 p
k
(p0)2
(which is the partial
derivative hermitean with respect to the scalar product (7)). New generators
of Lorentz group read
Ji = −iεijkpj∂k + 1
2
σi
Ki = ip
0∂i +
1
2p0
εijkp
jσk
(29)
V The case |λ| = 1
For completeness we discuss now the case |λ| = 1 (photons). According
to the arguments of Mukunda and Skagerstam, presented in sec. (II), for
|λ| > 1/2 it is not possible to find a coordinate operator obeying (i)÷ (iii),
even if both helicities ±|λ| are included. As an example, consider the case of
photons, discussed already by Skagerstam [11].
In the standard formalism [23] the photon wave function can be written as
fµν =
∫
d3~p
(2π)32p0
(
eµν(~p)ϕ(~p, 1) + eµν(~p)ϕ(~p,−1)
)
e−ipx (30)
with eµν(~p) being the polarization tensor. Momentum amplitudes ϕ(~p,±1)
span the massless representations of Poincare group corresponding to he-
licities |λ| = ±1. The scalar product in the space of states carrying both
helicities (reducible representation ) reads
(ϕ, ψ) =
∫
d3~p
(2π)32p0
(
ϕ(~p, 1)ψ(~p, 1) + ϕ(~p,−1)ψ(~p,−1)
)
(31)
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Transformation rules for amplitudes ϕ(~p, λ) read
ϕ(~p, λ) = eiλΘ(p,Λ)ei~p~aϕ(
−−−→
Λ−1p, λ) (32)
The polarization tensor eµν(~p) ( intertwinning operator ) can be expressed
in terms of polarization vector ~e(~p) [23]
e0i = ip0ei(~p)
eij = −p0εijkek(~p)
(33)
obeying
~p · ~e(~p) = 0, ~p× ~e(~p) = −ip0~e(~p)
~e(~p) · ~e(~p) = 0, ~e(~p) · ~e(~p) = 1
~e(~p)× ~e(~p) = i ~p
p0
(34)
Let us define
~ϕ(~p) = ~e(~p)ϕ(~p, 1) + ~e(~p)ϕ(~p,−1) (35)
Then
∫
d3~p
(2π)32p0
~ϕ(~p) · ~ψ(~p) =
∫
d3~p
(2π)32p0
(
ϕ(~p, 1)ψ(~p, 1) + ϕ(~p,−1)ψ(~p,−1)
)
(36)
and
~p · ~ϕ(~p) = 0 (37)
This is the form of representation discussed in Ref. [11]. The space
of states is the transverse subspace of the Hilbert space of vector valued
square integrable functions. The generators of the Poincare group consist of
fourmomenta pµ together with the Lorentz group generators
Jk = εklm
(
i∂l − i
2
pl
(p0)2
−Aal (~p)Sa
)
pm
KK =
1
2
(
p0(i∂k − i
2
pk
(p0)2
−Aak(~p)Sa) + (i∂k −
i
2
pk
(p0)2
−Aak(~p)Sa)p0
)
= ip0∂k − ip0Aak(~p)Sa
(38)
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where
(Sa)kl = −iεakl (39)
is the spin generator and
Aak(~p) = εalk
pl
(p0)2
(40)
is the Wu-Yang monopole [24]. Note that Aak(~p) is regular on R3 r {0};
this is related to the fact that principal SU(2) bundles over S2 are trivial.
We see that again the generators are expressed in terms of covariant deriva-
tive ( this time corresponding to SU(2) connection):
(Dk)lm = iδlm∂k −Aak(Sa)lm (41)
To make the contact with U(1) gauge symmetry described previously let
us note that, by virtue of eqs. (34), the polarization vector ~e(~p) can be
written in the form [23]
~e(~p) =
1√
2
(
~l1(~p) + i~l2(~p)
)
(42)
where ~l1 and ~l2 obey
~l1(~p)×~l2(~p) = ~p
p0
, ~l2(~p)× ~p
p0
= ~l1(~p),
~p
p0
×~l1(~p) = ~l2(~p) (43)
The set {~l1(~p),~l2(~p)} is defined up to an arbitrary rotation around ~p by
an angle ω(~p). This results in the following transformation of ~e(~p):
~e(~p)→ eiλω(~p)~e(~p) (44)
which corresponds to a gauge transformation
ϕ(~p, λ)→ e−iω(~p)ϕ(~p, λ) (45)
Again, as in the fermionic case, we are dealing with U(1) gauge symmetry
corresponding to λ = ±1 charges. In the original subspaces spanned by
ϕ(~p,±1) the Poincare generators are the functions of momenta and U(1)
covariant derivatives
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Dλk ≡ i∂k −Aλk (46)
where Aλk are the ( singular on R3 r {0} ) potentials of U(1) monopoles,
∂lAλk − ∂kAλl = λεklm
pm
(p0)3
(47)
In order to find the relation between Dk and Dλk we write the consistency
condition
i(Dk)mnϕn(~p) = em(i∂k −A(+)k )ϕ(~p, 1) + em(i∂k −A(−)k )ϕ(~p,−1) (48)
which yields
A(+)k = −iem∂kem = ~l1 · ∂k~l2
A(−)k = −iem∂kem = −~l1 · ∂k~l2
(49)
It is straightforward to check that eqs. (49) imply (47). We conclude
that passing from the representation in terms of amplitudes ϕ(~p,±1) to that
based on ~ϕ(~p) implies embedding the singular U(1) connection into regular
SU(2) one.
Now, one can attempt to define the coordinate operator by
Xˆk = iDk (50)
Then (i) and (ii) are fulfilled. However, the components of Xˆk do not
commute due to the nontriviality monopole potential (40); instead one finds
[11]
[Xˆk, Xˆl] = −iεklm p
m
(p0)4
paSa (51)
so (iii) is broken. This is due to lack of third helicity value, λ = 0. Indeed,
by virtue of
(Sap
a
p0
)2lm = δlm −
plpm
(p0)2
(52)
one finds that the transversality condition (37) excludes λ = 0. It is,
however, the transversality condition which makes both U(1) and SU(2)
connections nontrivial. This is in contrast with | λ |= 1
2
case where the
abelian projection yields nontrivial U(1) connection from trivial SU(2) one.
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VI Conclusions
We have shown that, for the massless particles, | λ |= 1
2
is the only case
( apart from the trivial | λ |= 0 one )where the Newton-Wigner procedure
works yielding the coordinate operator with commuting components. This is
because taking massless Dirac equation one obtains reducible representation
of Poincare group comprising both helicities, λ = ±1
2
. Then the space of
states carries twodimensional representation of SU(2) spin variables which,
by the Mukunda-Skagerstam theorem, is a necessary condition for the exis-
tence of coordinate operator obeying natural conditions (i) ÷ (iii) listed in
the Introduction. For higher helicities some states are lacking and the rele-
vant SU(2) representation cannot be accommodated; the acceptable ( from
the point of view (i) ÷ (iii) ) coordinate operator does not exist. From the
technical point of view the lack of some helicities imposes the constraints on
momentum amplitudes which makes impossible to embed the initial nontriv-
ial U(1) connections into trivial nonabelian one. The appearance of covariant
derivatives (and, consequently, the related connections ) is indispensable for
the representation of Poincare group to be independent of the convention
used to define the standard state in the framework of induced representa-
tions.
One can, of course, weaken the conditions (i) ÷ (iii) resigning, for ex-
ample, from explicit rotation covariance ( the condition (ii) ). Then the
coordinate operator can be constructed for any λ, even within an irreducible
representation. To this end one can start from Darboux coordinates on coad-
joint orbit of Poincare group [20]. The resulting Hamiltonian system, upon
quantization, yields the relevant irreducible representation of Poincare group.
In particular, one obtains commuting coordinates. However, the price one
has to pay is that they transform under rotation according to nonlinear real-
ization linearizing only on SO(2) subgroup of rotation group. An attempt to
linearize the transformation rule leads to noncommuting coordinates. Some
details are given in Appendix.
Let us point out that the problem of chiral particles as classical massless
spinning particles has been studied in the symplectic framework in a very
interesting paper by Duval and Horvathy[25]
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VII Appendix
VII.1 Nonminimal terms and rotational invariance
As we have noted in Sec. III the correct form of rotation generators is ob-
tained only after including an additional term which is not generated by min-
imal coupling principle. Its appearance is related to the fact that there exists
no rotationally invariant vector potential describing the magnetic monopole
field. Here we discuss this issue in some details.
A vector field transforms under rotations as follows
A′i(p′) = OijAj(p), p′k = Oklpl (53)
where O is orthogonal matrix representing rotation. Infinitesimally Oij =
δij + ωkεkij which yields
δAi(p′) ≡ A′i(p)−Ai(p) = −ωkεkljpj∂lAi(p) + ωkεkijAj(p) (54)
For rotationally invariant field δAi = 0 and one finds
iεkljp
j∂lAi(p) = [Ai(p),−iεkljpl∂j ] = iεkijAj(p) (55)
In general, δAi(p) 6= 0. It is obvious that for vector potential generating
rotationally invariant magnetic field is invariant up to a gauge transforma-
tion. In fact
∂iδAj(p)− ∂jδAi(p) = −εijm(−ωkεklnpn∂lBm + ωkεkmlBl) (56)
which vanishes by virtue of eq.(54) if the field configuration Bl is ro-
tationally invariant. Consequently, the change of vector potential can be
compensated by a gauge transformation. Let us note that eq. (55) may be
rewritten in the form
[Ai(p), εkljpl(−Dj)] = iεkijAj(p) (57)
where Dj is given by eq. (12). More generally
δAi(p) = ωk
(
iεkijAj(p) + [Ai(p), εkljpl(−Dj)]
)
(58)
Let us compute
iδ(iDi) = ωk
(
iεkij(iDj) + [iDi, εkljpl(−iDj)]
)
(59)
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One finds
iδ(iDi) = iωk
(
piBk − δikplBl
)
(60)
Using Bk =
λpk
(p0)3
eq. (60) becomes
iδ(iDi) = iλωk
(
pipk
(p0)3
− δik
p0
)
= −iλωk∂i
(
pk
p0
)
(61)
We see that in order to achieve invariance, δ(Di) = 0, one has to compen-
sate rotation by a gauge transformation with gauge parameter λωk
pk
p0
. This
amounts to modification of rotation generator by adding λp
k
p0
.
VII.2 Generators in Wu-Yang embedding
Consider the Skagerstam [11] description of photon states described in Sec.
IV. The generators of the Lorentz group in the picture involving Wu-Yang
connection read:
(Jk)mn = εkij(xi)mnp
j +
pk
(p0)2
pl(Sl)mn
(Kk)mn =
1
2
(
p0(xk)mn + (xk)mnp
0
) (62)
where
(xk)mn =
(
i∂k +
i
2
pk
(p0)2
)
δmn + i
pm
(p0)2
δkn − i p
n
(p0)2
δkm
(Sl)mn = −iεlmn
(63)
It is straightforward to check that the action Poincare generators pre-
serves transversality condition pkϕk(p) = 0. Let us first note that the rota-
tion generators can be written in the known form
(Jk)mn = δmnεkjlp
j(−i∂l) + (Sk)mn (64)
On the other hand the boosts read
(Kk)mn = iδmnp
0∂k + i
pm
(p0)
δkn − i p
n
(p0)
δkm (65)
16
VII.3 Nonlinearly transforming coordinates
The coordinate operators obeying (i)÷(iii) can not be constructed unless
| λ |= 1/2 and both helicities are included. However, for any λ one can
find coordinates obeying (i) and (ii); to this end it is sufficient to identify
coordinate operator wih covariant derivative (multiplied by imaginary unit).
It is also possible to construct the coordinate operator such that (i) and
(iii) hold. The price one has to pay is that the transformation rules under
rotations become more complicated: the coordinates transform nonlinearly
and the action of rotation group linearizes on SO(2) subgroup of rotations
around the direction of standard vector. The relevant construction is quite
straightforward [20] . It is well known that the representations of the Poincare
group can be obtained by quantization of the relevant Hamiltonian systems
on coadjoint orbit. By Darboux theorem the symplectic form on coadjoint
orbit can be put in standard form. The coordinate operators are then the
quantum counterpart of Darboux coordinates. There is no point to repeat
here the full reasoning [20]. However, the final result is quite simple. The
resulting coordinate operators differ from the ones obeying (i) and (ii) by a
(minus) gauge potential in some fixed gauge. As a result they are basically
the covariant derivatives corresponding to pure gauge configurations so they
commute. However, the gauge field can at most have an explicit symmetry
with respect to the rotations around one axis while the remaining rotations
take nonlinear form (which is another way of expressing the property that
the effect of rotations can be compensated by a gauge transformation).
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